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ABSTRACT

This paper presents the values of the radial spring
constant at the juncture of a radial nozzle and'aspherical
shell due to radial load. The spring constant is a function
of diametersand thicknesses of the nozzle and the vessel.
It is known that a lower spring constant at the nozzle-shell
juncture would reduce the local peak stresseswhich isvery
important in fatigue design of the pressure vessel.This
study shows that the value of the radial spring constant
may be reduced by decreasing the thicknesses of both
shelland nozzle,decreasingnozzle diameter and increasing
the shell diameter. Analytical derivations for this spring
constant are presented in this paper. The actual spring
constants for various nozzle-shellcombinations have been
computed using a digital computer. These values are
tabulated and plotted in this paper to facilitate the vessel
designand stress analysis.

NOMENCLATURE

R = Radiusof middle plane of spherical shell

t = Thicknessof the spherical shell
a = Radius of the middle surface of the radial nozzle

h = Thicknessof the radial nozzle

1= [R2t2f(12(1_JI2»]Y-I

r = Radius of spherical shell section in a latitudinal
plane (Refer to Fig. I)

s = rll= 1.81784(rIR)' (Rlt)Y1.

u = all =1.81784 (aiR) . (Rlt)'h

T = Temperature of operation

v = Radial deflection of nozzle, positive if away from
axis of the nozzle

w = Radial deflection of spherical shell, positive if
away from centre of shell

F = Stress function

KR = Springconstant for the case of radial load

x = Axial coordinate of cylindrical shell (nozzle)

y = Tangential coordinate for cylindricaland spherical
shells

z = Radial coordinate of cylindrical shell

13 = Rft (A Shell Parameter)

'Y = afh,(ANozzleParameter)
p = tfh (Thickness Ratio)

130= [3{l-JI2)/(a2h2)] Y-I

11 = (u4p2fr2)f[24(1-JI2)]

JI = Poisson's Ratio (Assumed as OJ for calculations)

Ee = Modulus of elasticity at room temperature

Eh = Modulus of elasticity at temperature of operation

A 1 to A4 = Constants

C3. C4. C12 = Constants

D = Et3f[12(I-JI2)] = Flexural Rigidity of spherical
shell

N = Eh3f[12{l-JI2)] = Flexural Rigidity of cylindrical
shell (nozzle)

Nx = Radial membrane force, acting per unit width
upon a normal section of the spherical shell
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FIG.1 SPHERICAL SHELL SUBJECTED TO A
RADIAL LOAD ACTING UPON A NOZZLE

Ny = Tangential membrane force, acting per unit width
upon a meridional section of the spherical shell.

Mo = Bendingmoment Mx in cylindrical shell (nozzle)
at x =0

Vo = Transverse shear Vx in cylindrical shell at x =0

P = RadialLoad (coming through a nozzle)

ex = Slope angle at juncture of spherical and cylindrical
shell with respect to their original positions due to
their deflections

€ = UnitStrain

t/> = Angle between normal to spherical shell-middle
surfaceand shell axis, in radians

(J = Polarcoordinate for cylindricaland sphericalshells,
in radians

Ker s, Keis, Ker u, Keiu = Kelvinfunctions of zero order

Ker's, Kei 's, Ker 'u, Kei 'u = Derivativesof Kelvinfunc-
tions

INTRODUCTION

With the advent of more and more chemical plants,
power plants and other process plants, the safety require-
ment and economy in design of pressure vesselsare gain-
ing high priority. This leads to the requirement of a more
accurate stressanalysis.

It is known that there exist highly localized stressesat
the juncture of nozzle and pressure vessels,both in cylin-
drical and spherical types. However these stressescan not

be accuratelyevaluated even with most modern and highly
sophisticated computer programs without reliable values
of stiffness or spring constants at these junctures. The
spring constants at the juncture of a nozzle and a cylin-
drical shell has been studied by Murad [I]. This paper
deals specifically with radial spring constants at the junc-
ture of a nozzle and a spherical shell. The rotational spring
constants will be presented in a separate paper.

Bijlaard has studied the differential equations for a
radial load acting on a spherical shell. His solution leads
to the deflection of the spherical shell only [2]. He did
not specify the relationships of spring constants in terms
of shell parameters (diameter and thickness) and the
'J0zzle parameters (diameter and thickness). This part is
explicitly developed here. The solution involves Kelvin
function of zero and first orders along with their deriva-
tives. These are obtained by programming the mathema-
tical equations given by Abramowitz and Stegun [3] .

DERIVATIONOF EXPRESSIONFOR DEFLECTION
OF SPHERICALSHELL DUETO A RADIALLOAD

The two governing simultaneous equations for shallow
shells with distributed normal load P are given by [4] :

yt4 F _ (tEIR) yt2 W =0

yt4 w+(I/RD)yt2F=PID

(I)

(2)

where W = Radial deflection in the direction of exterior
nonnal.

F = Stress function.

D = Flexural rigidity of the spherical shell.

The solution of above two simultaneous differential
equations is givenby Ref. [2] :

w = C3 Ker s + C4 Kei s (3)

(C3 Kei s - C4 Ker s + CI2 In s) (4)

where CI2 = - [3(1-1l2})~ 'P'R/(rrEt2) (5)

s = (rll) =1.81784 (rIR)' (Rlt)1h (6)

14 = R2 P/[12(1-1l2)] (7)

The constants C3 and C4 have to be determined from
the two boundary conditions at r =a as follows:

BOUNDARY CONDITION (I)

(I) At the juncture of the shell and nozzle, the angle

491



POSITIONOF SHELL BEFORE
APPLICA TION OF THE LOAD

POSITION OF SHELL AFTER
APPLICATION OF THE LOAD
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FIG.2 POSITION OF SHELL BEFORE AND AFTER
APPLICATION OF RADIAL LOAD

of rotation for the spherical shell and the nozzle (con-
sidered as a cylindrical shell) should be equal (Refer to
Fig. 2), i.e.

BOUNDARYCONDITION(II)

(2) The strain €y in the tangential direction should be
equal for sphericaland cylindrical shell, Le.,

(€ys),.=a= (€yc>X=o (9)

Boundary Condition (I) is obtained from Eqs. (6) and (8)
of Ref. [2]. These equations are numbered in this paper
as (A) and (B) respectivelyand are givenas follows:

(as) r=a = (dw/dr)r=a =

(1/l) (C3 Ker 'u + C4 Kei 'u) (A)

(as>X=o = (-dv/d/x)x=o

= (11(2/302N)](2{30Mo+Vo) (B)

Boundary Condition (II) is obtained from Eqs.(7) and (12)
of Ref. [2]. These"equationsare numbered in this paper

(8)

as (C) and (0) respectively and are given as follows:

(€ys),.=a = (Ny - p.Nx )/(Et) = (lIR) [C3(Ker u

- u-I Kei 'u) + C4 (Kei u+u-I Ker 'u)

- Cn u-'l -p.(C3u-I Kei'u - C4 u-I Ker'u.
+ Cn u-'l)] (C)

(€y,f)x=Q = [l/(2{303 Na)] (/3oMo + Vo)c:

+P/(21TahE) (0)

where Mo and Vo are given by Eqs. (13) and (22) of
Ref. [2]. These equations are numbered in this paper
as (E) and (F) respectively and are givenas follows:

Et2

Mo = (M)r=a =- R[12(1-p.2)]~

[C3{Kei u + (l-p.)u-I Ker 'u}

- C4 {Ker u - (l-p.)u-I Kei 'u} ] (E)

Vo = [ET/Ru] [(1+11)(C3 Kei 'u -C4 Ker 'u)

+(1-11)CI2 u-I] (F)

One notes that /3in Eqs. (8) and (12) of Ref. [2] has
been changed to /30in Eqs. (B) and (0) above.
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Upon substitution of Eqs. (A) and (B), the boundary
condition (1)becomes [4J:

(2~o 3NIl) (C3 Ker'u +C4 Kei 'u) =

[- (2~o Et2IR)/(12(1-1l2»*].

[C3 (Kei u + (I-II) 'u-1 'Ker 'u)

_C4(Ker u-(I-J.L) 'u-1 . Kei 'u)]

+ [Etl(Ru)] . [(1+17)' (C3 Kei 'u

-C4 Ker 'u) + (1-17)(C12 .u-1)] (10)

Upon substitution of Eqs. (C) and (D), the boundary con.
dition (II) becomes [4] :

(2~o3NaiR) [C3(Ker u- .u-1 kei 'u) + C4 (Kei u

+ u-1 .Ker 'u)-Cn 'U"2 -p. (C3 'u-1 . Kei 'u

_ C4'U-1 . Ker'u + Cn .u-2)] =

_ [WoEt2IR)/(12(1-1l2»*]. [C3(Keiu

+ (I-II)' u-1 . Ker 'u) - C4(Ker u - (1-1l)'U"~. Kei 'u)]

+ [Et/(Ru)] . [(1+17)' (C3 Kei 'u-C4 . Ker 'u)

+(1-17). Cn . u-1]+W~o3 . NPI(rrhE) (11)

SolvingEqs. (10) and (II) for C3 and C4 we get:

_

~

A4 6(1_p.2).(J-17)'YP (12(1_p.2)~
C3 - -

A2 rr (l2(1-1l2»% u2 - 2rru2

wp2

J

'

(1+1l+[48(1-1l2)]%.(1-17)'P''Y*)+- .
2rr''Y

A2 PR
(A2 A3 -AI A4)' Et2

(12)

where A I, A2' A 3, and A 4 are given as follows:

Al = [12(1-1l2)]%. [('Ylp)Ker'u-'Yp(I+17)'

Kei 'u] . u-1+p2 (2'Y)*' [Keiu+ (1-Il)'

u-1. Ker'u] (14)

A2 = [12(1-1l2)]%.U"1[('YIp)' Kei'u

+ 'YP(I +17). Ker'u ] - p2. (2'Y)* [Ker u

- (1-Il).u-1 .Kei'ul (15)

-- - ...... - -- - --. -* . -.. .

AJ = Ker u - (1 +p) .u-1 .Kei 'u + p2 [Kei u

+(I-II)' u-1. Ker'u] - [48(1-1l2)J%.

P'Y*' u-1. (1+17)'Kei'u (16)

A4 = Kei u + (1+1l) . U"1 .Ker'u - p2 [Ker u

- (1-p.).u"1 .Kei 'u] + [48(1-p.2)]% (17)

.P . 'Y* .u-1 (1+17) .Ker'u

Thus the final solution for deflection of sphericalshell
due to a radial load P .comingthrough the nozzle is given
by Eq. (3) with constants C3 and C4 givenby Eqs.(12) and
(13) and constants A 1 to A 4 given by Eqs. (14) to (17).

APPROACHFOR EVALUATIONOF RADIAL
SPRING CONSTANT

The expression for deflection (w) due to a radial load is
derived above and is given by:

w =C3 Ker s + C4 Kei s (3)

where C3 and C4 are given by Eqs. (12) and (13) and
constantsA1 to A4 are givenby Eqs. (14) to (17) res.
pectively.

Since we are interested only in the deflection of the
vessel at the juncture of nozzle, we let r = a.

At r = a, s = (alf) = u. Hence the expression for w in this
case becomes:

where

w=C3 Keru+C4 Keiu

u = 1.81784(aIRh/(Rlt) (18)

Given a deflection (w) corresponding to a load P, the
spring constant can be written as:

(19)

Taking P = 1.0 lb, the expression for spring constant
becomes:

KR = l.0/[C3 Ker u + C4 Kei u] (20)

For a given set of shell parameters (R and t) and nozzle
parameters (a andh), unique values of u, C3 and C4 exist.
Hence givenR, t, a and h, unique values of deflection w
and springconstants KR can be obtained.

For convenience, we defme three independent dimen-
sionlessparameters 13, 'Yand p asfollows:

Shell parameter: {j = Rlt
Nozzle parameter: 'Y = alh
Shellto nozzle thickness ratio: P = tlh

Fixing the values of {j, 'Yand p does not fix R, t, a and h,
e.g., if R, t, a and h are doubled, the ratios, ~,'Y and p

still remain the same while the spring constant (KR) for
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this new set of values gets changed. Hence to arrive at a
unique value of KR' we must fix one more parameter
apart from {3,"f and p. This is achieved as follows: -

For given values of R, t, a and h, we find the values ofu.
Since we are interested in the juncture of the spherical
shell and nozzle, using u = s curve (corresponding to the
calculated values of (3, 'Y and p for above values of R, t, a

and h) from a plot of w/(RP/ Et2) vs s in Ref. [2] ,we obtain

wEt2
- = C; (Constant)RP

. P Et2
Hence,spnngconstant,KR =- =-

Iwl CI R

where C1 =IC; I=Constant

E t
orKR =- 0-

CI R

whereE is the modulus of elasticity
Eq. (21) can also be written as:

KR _ C2---
t {3

where {3=R/t (As per definition)

C2 = (E/CI) = Another Constant

Hence, to fix the value of the KR for fixed values of
(3,"fand p, we must fix t also.

At this stage, it seems logical to plot the values of
KR/t vs (3for various combinations of"f and p because
there exists a Unique value of KR/t (or a given set of
(3,"fand p. In fact, in a later part of this paper, values for
KR/t have been plotted against the shell parameter
(3(R/t) for three different values of the nozzle parameter
'Y(a/h) and unique valuesof the constant p (t/h).

Usingall the above equations, a computer programhas
been written to evaluate spring constants (KR) and ratios
KR/l for various combinations of R, t, a and h (i.e., (3,"f
and p). The variousequations for Kelvinfunctions (Ker u,
Kei u) and their derivatives(Ker 'u, Kei 'u) are taken from
Ref. [3] .

Computer results for spring constants KR and ratio
KR/t are obtained for various values of (3(Beta), "f(Gam.
ma) and p(Rho). Tables I -4 give results for p =1.0,2.0,
4.0, 10.0; "f= 5, 10, 15 and various ranges of {3.

The values of deflection (w) computed in this study
have been verified with Bijlaard's work in Ref. [2] and are
found to be matching quite closely. Values taken from
Tables 1 to 4 are also plotted in this paper to facilitate the
vessel design and stress analysis. These are given in Figs.
3 to 6 respectively.

One must note that the values of spring constants are

(21)

valid only if the deflections are limited to a segment of
shell that can be considered shallow. This leads to condi-
tions:

(a) u";; 1.0, R/l > 10
(b) u> 1.0, R/t > (u + 2.3)2
Also, the values of spring constants are considered

accurate only if a/R is less than or equal to 1/3. This
leads to the followingcondition:

(c) aiR < 1/3, Le., u < 1.05-/riP
The above three conditions are derived in Ref. [4] and

can also be found in the Appendix. Thecomputer program
is designedto take care of these three conditions.

CORRECTION OF THE SPRING CONSTANTS
FOR HOT MODULUS

As we know that the value of E variesdependingupon
the temperature of operation. The graphsplotted here are
for the cold condition, Le., E= 30 X 106 psi. In case, the
temperature of operation is higher than the normal am-
bient temperature, the value of spring constant (KR)
obtained at ambient temperature must be corrected as
follows:

As givenby Eq. (21), we know:

E
KR =- 0 - 0

C. R

Hence, for a givengeometry of spherical shell:

KR a. E

KR (at temperature of operation) =Eh

..KR (at ambient temperature) Ee
or

Eh
KR (at temperature of operation) =-

Ee

o KR (at ambient temperature) (22)

Ee = 30 X 106 psi

Eh = Modulusof Elasticity at temperature of operation
Thus if (3, "f, p, t and temperature of operation are

specified, the spring constant can readily be found using
these curves

or

Given below is an example to illustrate the use of these
curves:

Numerical Example

Given: R = 1600 in., t = 8 in., a = 30 in., h = 2 in.

Temperature of Operation =600°F
Material: Carbon Steel with Carbon content
";;0.3%
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TABLE 1 RESULTS FOR RADIAL SPRING CONSTANTS FOR p =1.0

K-SPRINO CONSTANT BETA-nIT OAHHA-II/H RHO-T/H U-I.81784.A'SORT(PETA)/R
..............,...........................................................................................................
RUN. ) nIN.) A(IN,) HUN.) IIEFlECTIONC IN.) KClIlS.!IH. ) KIT PETA OtlHttA RHO U

.........................*..........*...................t...............................................,.................

150.0000 1.0000 '.0000 1.0000 -0.000001127 0.00714E0.6 0.88714E 06 150.000 '.00 1.00 0.142130

3:!O.oOOO 1.6000 8.0000 1.6000 -0.000001026 0.97473E 06 0.60921£ 06 200.000 5.00 1.00 0.642703

OO.OOOO .OOOO 10.0000 2.0000 -0.000001090 0.91753E 06 0.45876E 06 250.000 5.00 1.00 0.5748'1

720.0000 2.4000 12.0000 2.4000 -0.000001140 0.87735E 06 0.36556E 06 300.000 5.00 1.00 0.524764

1050.0000 3.0000 15.0000 3.0000 -0.000001102 0.90781£ 06 0.30260£ 06 350.000 S.OO 1.00 0.485838

1440.0000 3.6000 10.0000 3.6000 -0.000001079 0.92679E 06 0.25744£ 06 400.000 S.OO 1.00 0.454459

1900.0000 4.ClOOO 20.0000 4.0000 -1).000001118 0.8942'£ 06 0.22357£ 06 450.000 s.OO 1.00 0.428469
.

2200.0000 4.4000 22.0000 4.4000 -0.000001152 0.86810E 06 0.19729E 06 00.000 '.00 1.00 0.406481

1::0.0000 1.0000 10.0000 1.0000 -0.000000634 0.1"75E 01 0.1'775£ 07 150.000 10.00 1.00 1.484259

32(!.0000 1.6000 16.0000 1.6000 -0.000000611 0.16203E 01 0.10127E 01 200.000 10.00 1.00 1.285406

500.0000 2.0000 20.0000 2.0000 -0.000000686 0.14567£ 01 0.72835E 06 250.000 10.00 1.00 1.149702

\0
70.COOO 2.4000 24.0000 2.4000 -0.000000743 0.13459£ 07 0.56078£ 06 300.000 10.00 1.00 1.049528\0

1050.0000 3.0000 30.0000 3.0000 -0.000000738 0.13553E 07 0.45176£ 06 350.000 10.00 1.00 0.971676

1440.0000 3.6000 36.0000 3.6000 -0.000000739 0.13531£ 07 0.37586£ 06 400.000 10.00 1.00 0.'0891'

1000.0000 4.0000 40.0000 4.0000 -0.000000780 0.12814£ 07 0.32034E 06 450.000 10.00 1.00 0.856937

2200.0000 4.4000 44.0000 4.4000 -0.000000011 O.12239E 07 0.27016£ 06 '00.000 10.00 1.00 0.812'62

IO.OOOO 1.0000 15.0000 1.0000 -0.000000391 0.26253E 07 0.26253E 07 150.000 15.00 1.00 2.226388

320.0000 1.6000 24.0000 1.6000 -0.0000003'18 0.25138£ 01 0.15711E 07 200.000 15.00 1.00 1.928108

500.0000 2.0000 30.0000 2.0000 -0.000000462 0.21653£ 07 0.10827£ 01 250.000 15.00 1.00 1.124553

720.0000 2.4000 36.0000 2.4000 -0.000000515 0.1941'£ 01 0.808'8£ 06 300.000 1'.00 1.00 1.574293

1050.0000 J.OOOO 45.0000 3.0000 -0.000000523 0.1'114£ 07 0.63713£ 06 350.000 15.00 1.00 1.451S13

1440.0000 3.6000 54.0000 3.6000 -0.000000534 0.18740£ 07 0.52055£ 06 400.000 1'.00 1.00 1.363378

1800.0000 4.0000 60.0000 4.0000 -0.000000:172 0.17403£ 07 0.43707£ 06 450.000 15.00 1.00 1.285405

2:!OO.0000 4.4000 66.0000 4.4000 -0.000000606 0.16488£ 07 0.37474£ 06 500.000 1'.00 1.00 1.21'442
.t.........................................................................................................................



TABLE 2 RESULTS FOR RADIAL SPRING CONSTANTS FOR p =2.0

K-SPRtNO CONSTANT !'ETA-R/T OA""A-A/H RHO-T/H U-I.81784'A.SORTCBETAJ/R..,.t,.,.....t,.,........,.t...............,.........,...................,.....,.........,......,..,.......................
RUN.) HIN') A( IN. ) HUN.) flEFLECTION( IN. J K(LPS.IIN.) KIT PET/\ 0/111"" RIIO U

..,',...,.....".......t,.......t.,............................$........,...................................,.............
200.0000 :.0000 .OOOO 1.0000 -0.000000549 0.10201E 07 0.91005E 06 100.000 '.00 2.00 0.4'4460

480.0000 3.2000 8.0000 1.6000 -0.000000550 0.18176E 07 0.'6799E 06 150.000 '.00 2.00 0.37106'

800.0000 4.0000 10.<1000 2.0000 -0.000000608 0.16442E 07 0.41106£ 06 200.000 S.OO 2.00 0.3213'1

10CO.0000 4.8000 12.0000 2.4000 -0.000000577 0.17:!22E 07 0.36087E 06 %%'.000 5.00 2.00 0.302973

1:;00."000 6.0000 1'.0000 3.000 -0.000000'18 0.19290E 07 0.32151£ 06 250.000 5.00 2.00 0.287426

2160.0000 7.2000 18.0000 3.6000 -0.000000527 0.1899IE 07 0.26377E 06 300.000 '.00 2.00 0.262382

2800.0000 8.0000 20.0000 40000 -0.0000005:59 0.17800E 07 0.21.3:5IE 06 350.000 '.00 2.00 0.242'1'

3520.0000 8.8000 22.0000 4.4000 -0.000000506 0.17059E 07 0.19385E 06 400.000 5.00 2.00 0.227230

:00.0000 :.0000 10.0000 1.0000 -0.000000360 0.27B06E 07 0.13903E 07 100.000 10.00 2.00 0.'08920

480.0000 3.2000 16.0000 1.6000 -0.000000397 0.25214E 07 0.78795£ 06 150.000 10.00 2.00 0.742130

etlo.(lOOO 4.0000 %0.0000 2.0000 -0.000000463 0.21592E 07 o .53980£ 06 200.000 10.00 2.00 0.642703
v.
0

10SO.0000 4.8000 10.00 2.00 0.60:59460 24.0000 2.4000 -0.000000448 0.22300E 07 0.46458E 06 225.000

1500.0000 6.0000 30.0000 3.0000 . -0.000000409 0.24424£ 07 0.40706E 06 2S0.000 10.00 2.00 0.'748'1

2161'.0000 7.:!000 36.0000 3.6000 .-0.000000427 0.23417E 07 0.32S23E 06 300.000 10.00 2.00 0.52476'

:!P.OO.OOOO 8.0000 40.0000 4.0000 -0.000000463 0.21604E 07 0.2700:5E06 350.000 10.00 2.00 0.485838

3:120.0000 1.8000 44.0000 4.4000 -0.0000004f3 0.20281£ 07 0.23046£ 06 400.000 to.OO 2.00 0.4544S'

200.0000 2.0000 15.0000 1.0001' -0.000000228 0.43894E 07 0.21'41E 07 100.000 15.00 2.00 1.36337'

480.0000 3.2000 24.0000 1.6000 -0.000000280 0.3S614E 07 0.11148£ 07 1'0.000 15.00 2.00 1.113194

800.0000 4.0000 30.0000 2.0000 -0.000000346 0.2887SE 07 0.72188E 06 200.000 15.00 2.00 0.964055

1080.0000 4.8000 36.0000 2.4000 -0.000000342 0.29238E 07 0.60'13£ 06 225.000 1'.00 2.00 0908f"

1500.0000 6.0000 4'.0000 3.0000 -0.000000317 0.3103E 07 0.'2506E 06 250.000 1'.00 2.00 0.862277

:!160.0000 7.2000 '4.0000 3.6000 -0.000000340 0.29434E 07 0.40881E 06 300.000 1'.00 2.00 0.787147

2800.01J00 8.0000 60.0000 4.0000 -0;000000376 0.26626E 07 0.3328%£ 06 350.000 15.00 2.00 0.7287
.

0.6'16893:!0.0000 8.8000 66.0000 4.4000 -0.000000406 0.24606E 07 0.27961£ 06 400.000 t5.00 2.00
..,..t.....,.....,........................................................................................................



TABLE 3 RESULTS FOR RADIAL SPRING CONSTANTS FOR p =4.0

K-s,nINO CONSTANT lIETA-R/T OAHHA-A/H RHO-T/H U-l.SI194.A'SOP.T(JETA)/R
,...,..........."....t.............$,....,.........................................................,.....................

R(IN.) TUN. ) ACIN. ) HCIN') DEFlECnONUH. ) K(lDS./IN') KIT DETA Gflt1ttA RHO U
.....",........................................,.........................................,..............................

150.0000 2.0000 2.5000 0.5000 -0.000000515 0.19405£ 01 0.91024£ 06 15.000 5.00 4.00 0.262383

300.0000 3.0000 3.7::;00 0.1500 -0.000000464 0.21540E 01 0.71199£ 06 100.000 5.00 4.00 0.2:!7230

600.0000 4.0000 5.0000 1.0000 -0.000000528 0.18944£ 07 0.41361£ 06 150.000 5.00 4.00 0.185532

1000.0000 5.0000 6.2500 1.2500 -0.000000565 0.17700E 07 0.35400£ 06 200.000 5.00 4.00 0.160616

1500.0000 6.000 7.5000 1.5000 -0.000pOO9' 0.16974£ 01 0.29290£ 06 250.000 5.00 4.00 0.143713

211)0.0000 7.0000 9.7500 1.1500 -0.000000606 0.16501£ 07 0.235.73£ 06 300.000 5.00 4.00 0.131191

2800.0000 8.0000 10.0000 2.0000 -0.000000618 0.16110E 01 0.20213£ 06 350.000 5.00 4.00 0.1214:;'

3600.0000 '.0000 11.2500 2.2500 -0.000000628 0.15926£ 01 0.11696£ 06 400.000 5.00 4.00 0.113615

150.0000 2.0000 5.0000 0.5000 -0.000000430 0.23233£ 01 0.11616£ 07 15.000 10.00 4.00 0.524765

300.0000 3.0000 1.5000 0.7500 -0.000000401 0.24577£ 01 0.81924£ 06 100.000 10.00 4.00 0.454460

V'I 600.0000 4.0000 10.0000 1.0000 -0.000000487 (\.20555£ 07 0.51387£ 06 150.000 10.00 4.00 0.371065
0-

1000.0000 5.0000 12.5000 1.2500 -0.000000534 0.19711£ 07 0.37422£ 06 200.000 10.00 4.00 0.321352

1500.0000 6.0000 15.0000 1.5000 -0.000000566 0.17663£ 01 0.29439£ 06 250.000 10.00 4.00 0.297426

2100.0000 7.0000 17.5000 1.7500 -O.0000Q059' 0.16991£ 01 0.24213E 06 300.000 10.00 4.00 0.262382

2900.0000 8.0000 20.0000 2.0000 -0.00000060' 0.16527E 01 0.20659£ 06 3'0.000 10.00 4.00 0.242'1'

3600.0000 '.0000 22.'000 2.2'00 -0.000000618 O.161eS! 07 0.17987£ 06 400.000 10.00 4.00 0.221%30

150.0000 2.0000 7.'000 0.5000 -0.000000330 0.30290£ 07 0.1514'E 07 75.000 15.00 4.00 0.787148

:s00.0000 3.0000 11.2500 0.7500 -0.000000332 0.30157E 01 0.100'2£ 07 100.000 1'.00 4.00 0.68168'

600.0000 4.0000 15.0000 1.0000 -0.000000423 0.23669£ 01 0.'9170£ 06 150.000 15.00 4.00 O.'S6Sf7

1000.0000 S.OOOO 18.7500 1.2500 -0.000000490 0.20922£ 01 0.4164'£ 06 200.000 1'.00 4.00 0.482027

1500.0000 6.001)0 22.'000 1.5000 -0.000000'20 '0.19236E 07 0.32060E 06 250.000 15.00 4.00 0.431138

2100.0000 7.0000 26.2:500 1.7500 -0.000000'4' -0.11229£ 07 0.26041£ 06 300.000 15.00 4.00 0.393573

2800.0000 8.0000 30.0000 2.0000 -o000000S70 0.17536£ 07 0.21920£ 06 3'0.000 1'.00 4.00 0.364378

3600.0000 9.0000 33. ?:s00 2.2500 -0.000000587 '0.17032£ 07 0.18924£ 06 400.000 15.00 4.00 0.340145
,............,............................................................................................................



TABLE 4 RESULTS FOR RADIAL SPRING CONSTANTS FOR p = 10.0

K-9PRINO CONSTANT PETA-R/T OAI1I1A-A/H RHO-T/H U-l.81784.A.SORT(8£TA)/R
t...""........,...............................................t.........................................................,

RUN. ) TUN. ) MINd HUN. ) lIEFLECTJ ONCI H. ) KCLlIS./IN.) KIT tlETA G"Ht1A RHO U
.ttt,.,.,..t..t..".....t............t.......*.....................................................$.,........"....,..,.,.
200.0000 4.0000 2.0000 0.4000 -0.000000173 0.56327£ 07 0.14092E 07 O.COO S.OO 10.00 o .n8541

375.0000 :5.0000 2.5000 0.5000 -0.000000213 0.46995E 07 0.93990£ 06 75.000 5.00 10.00 0.104!3

600.0000 6.0000 3.0000 0.6000 -0.000000236 0.42384E 07 0.70640£ 06 100.000 S.OO 10.00 0.090892

t050.0000 7.0000 3.5000 0.7000 -0.000000302 0.33089E 07 0.47270£ 06 150.000 s.OO 10.00 0.074213

tOO.OOOO 8.0000 4.0000 0.8000 -0.0000003:; 0.28442£ 07 0.35553£ 06 200.000 5.00 10.00 0.064270

22:;0.0000 9.0000 4.5000 0.9000 -0.000000390 0.25653£ 07 0.28504£ 06 250.000 5.00 10.00 0.057485

3000.0000 10.0000 5.0000 1.0000 -0.000000420 0.23793E 07 0.23793E 06 300.000 5.00 10.00 0.05476

3850.0000 11.0000 5.5000 1.1000 -0.000000445 0.22464£ 07 0.20422£ 06 350.000 S.OO 10.00 0.048584

200.001)0 4.0000 4.0000 0.4000 -0.000000173 0.57803£ 07 0.14451E 01 50.000 10.00 10.00 0.257081

:!75.0000 5.0000 5.0000 0.5000 -0.000000212 0.47218E 07 0.94436E 06 75.000 10.00 10.00 0.20990&

VI 600.(1000 6.0000 6.0000 0.6000 -0.000000237 0.42196E 07 0.70327E 06 100.000 10.00 10.00 0.IB1784
0
N t050.0000 7.0000 7.0000 0.7000 -0.000000306 0.32700E 07 0.46715£ 06 150.000 10.00 10.00 0.148426

1600.0000 8.0000 8.0000 0.8000 -0.000000351 0.28038E 07 0.35048£ 06 200.000 10.00 10.00 0.128541

2250.0000 9.0000 9.0000 0.9000 . -0.000000396 0.25267E 07 0.28075E 06 250.000 10.00 10.00 0.114970

:UOO. 0000 10.0000 10.0000 1.0000 -0.000000427 0.23431£ 07 0.23431E 06 300.000 10.00 10.00 0.t04"3

3850.0000 11.0000 11.0000 1.1000 -0.000000452 0.2212:1! 07 '0.201l3E 06 350.000 10.00 10.00 0.0.7167

200.0000 4.0000 6.0000 0.4000 -0.000000140 0.62:594£ 07 '0.1:5648E 07 SO.OOO 15.00 10.00 0.395622

375.0000 5.0000 7.5000 0.5000 -0.000000203 0.49300£ 07 0.98600£ 06 15.000 15.00 10.00 0.3H85t

600.0000 6.0000 9.0000 0.6000 -0.000000231 0.43203£ 07 0.72139£ 06 100.000 15.00 10.00 0.272676

1050.0000 7.0000 10.5000 0.7000 -0.000000303 0.32904E 07 0.47120£ 06 150.000 1'.00 10.0t' 0.222&3'

1400.0000 8.0000 12.0000 0.8000 -0.000000356 0.28065E 07 0.35082£ 06 200.000 15.00 10.00 0.1f2811

2250.0000 9.0000 13.'000 0.9000 -0.000000397 0.25187E 07 0.27986E 06 2:10.000 1'.00 10.00 0.1724:5'

3000.0000 10.0000 15.0000 1.0000 -0'.000000429 0.23299E 07 0.232"E 06 300.000 15.00 10.00 0.15742.

3850.0000 11.0000 16.'000' 1.1000 -0.000000455 0.21967£ 07 0.1."70£ 06 350.000 1'.00 10.00 0.14:1751
...............,.....................*....................................................................................



Required: (a) Spring constant (KR) at room temperature
(b) Spring constant (KR) at 600°F

Solution:

R 1600 = 200
13=(= 8

a - ~= 15
"f=};- 2

t-1.=4
P=fi-2

We refer to Fig. 5 corresponding to P =4. On this
graph,we select the curvewith "f =15. For 13=200,we
read from the curve:

K~ = 0.417 X 106 Ibs/in2

Substituting t =8 in., we get:

KR = 0.417 X 106 X 8

Hence KR = 3.336 X 106 Ib/in.

This value of spring constant (KR) is at ambient
temperature (say 70°F). The spring constant (KR)
at 600°F is obtained as follows:

At T = 70°F,Ee= 30 X 106psi

At T = 600°F, Eh = 25.7 X 106 psi

KR (at 600°F) = Eh . KR (at ambient temperature)Ee

= ;~:~ X (3.336 X 106)

KR (at 600°F) =2.8578 X 106 Ib/in.

CONCLUSION

It has been found that the spring constant (KR) is in-
versely proportional to radius (R) of the spherical shell
and directly proportional to the square of the thickness
(t) of the sphericalshell.

It can be seen from Tables 1 through 4 that as nozzle
radius (a) decreases, the spring constant (KR) decreases.
It can also be shown using Table I through 4 that as
nozzle thickness (h) decreases, the spring constant (KR)
decreases.

In order to limit the stresses at the juncture of radial
nozzle and spherical shell, the design requirement is to
reduce the spring constant (KR) as much as possible.

Hence, to achieve a low value of spring constant (KR),
it is recommended:

(i) to increase the spherical shell radius (R)
(ii) to reduce the spherical shell thickness(t)

(Hi) to reduce the nozzle radius (a)
(iv) to reduce the nozzle thickness (h)

APPENDIX

DERIVATIONOF CONDITIONSFOR VALIDITY
OF GRAPHS

To check the validity of graphics,we make the follow-
ing two derivations:

DerivationNo.1

As suggested by Bijlaard [2], the graphsare applicable
only if the deflections are limited to a segment of shell
that can be considered as shallow, which still can be
assumed if these deflections die out at a distance r of
about 0.6R from the center of the attachment. The
followingtwo valuesof s are also as per Ref. [2] :

(a) For u (= a/l) ~ 1.0, Deflections die out at about
s (=rll) = 3.5

(b) For u (= a/l) ~ 1.0, Deflections die out at about
s(= r/l) = u + 2.5

Since s = 1.81784 ~ff ,we get:

r =0.55..;Ri . s (23)

Case(a)

u ~ 1.0, s =3.5 (For deflections to die out)
From Eq. (23), we get:

r = 0.55 VRi X 3.5

Hence r = 1.92..;Ri (24)

Since r ~ 0.6R (For deflection to die out), we get from
Eq. (24):

(25)

Case(b)

u > 1.0, s = u + 2.5 (For deflections to die out)
From Eq. (23), we get:
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1.92 v'Ri 0.6R

or k 1.92 =3.21t 0.6

Ror - 10t



r = 0.55...(Ri. (u + 2.5) (26)

Since rEO;0.6R (For deflections to die out), we get from
Eq. (26):

0.55..[Ri . (u+ 2.5 ) EO;0.6 R

or if ~ (0.9167 u + 2.292)

By approximation, we get:

!i ~ (u + 2.3)2t (27)

DerivationNo.2

As suggested by Bijlaard [2], the graphs may only be
expected to be sufficiently accurate if aiR is less than or
equal to 1/3.

From Eq. (20) of Ref. [2] :

a _ (u2~\ 1
R- 1/ [12(1-1J2)]~ (28)

Note: It can be verified by substituting the values of u,
p and 'Y in right hand side of above expression that it is
equal to air.

Hence from Eq. (28), we get:

(U2 P)
1

-..y . [12(1-#l2)]~

I
~-

3

Substituting 1J=0.3,we get:

u2 EO;1.1 01 :L
p

~ 1.05g
Hence u

(29)
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